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With use of Fano technique, we study collision of two atoms with formation of Feshbach resonance
at combined interaction with the external magnetic field and laser radiation. In cases of one- and
two-photon resonances of laser radiation with two discrete vibrational molecular levels, we show that
Feshbach resonances appear at interaction of external magnetic field with dressed states formed via
Autler-Townes effect. In addition, in case of one-photon resonance the lower vibrational molecular
state is coupled by laser radiation with the continuum of the elastic channel and forms laser-induced
Feshbach resonance via both Autler-Townes effect and LICS mechanism. We study the combined
process of formation of Feshbach resonances; this enables the control of Feshbach resonance by
varying the magnetic field and intensity and frequency of laser radiation. We also study the laser-
induced inelastic collision and its influence on the considered processes. In case of two-photon
resonance between discrete vibrational molecular states the Feshbach resonances arise under action
of magnetic field via Autler-Townes effect, while the laser-induced transition into the elastic-channel
continuum is in this case absent. We obtain the cross-sections of elastic and inelastic scattering and
show that quenching of resonance occurs at the energy equal to that of the systems ground state.
Dependence of the cross-sections on the magnetic field and laser intensity is examined in detail. In
all considered cases, the scattering length is obtained and its dependence on the magnetic and laser
fields is studied. In the absence of magnetic interaction if the hyperfine substates of the quasibound
state in the closed channel and those of individual colliding atoms in the open channel are the same,
Feshbach resonances may arise via weak interaction between nuclear and electronic motions, which
leads to transitions between electronic states. The obtained results can be employed in new studies
of collisions of cold atoms, e.g., of alkali metal atoms and for interpretation of new experiments in
BECs.
PACS numbers: 03.75.-b, 34.50.Cx, 34.50.-s, 67.85.-d
I. INTRODUCTION
The concept of the Feshbach resonance developed in
the theory of nuclear reactions [1] plays a significant role
in studies of atomic collisions with formation of a bound
state (molecule) which is important for understanding
the processes in the quantum systems of Bose Einstein
condensate (BEC). This causes a great number of inves-
tigations in the topic (see [2–4] and references therein).
Feshbach resonance is displayed when the energy of a
bound molecular state in the closed channel is almost
equal to the energy of two colliding atoms in the open
channel in the center-of-mass system. In this case weak
coupling may lead to strong mixing of the channels. In-
termediate quasibound state of colliding atoms is formed
in the open channel. This state has a finite lifetime and
can decay into the initial channel or into other channels
via interaction with continuum. The energy difference
may, in particular, be controlled by means of a magnetic
field. When the bound state in the closed channel has a
different hyperfine state than the incoming atoms in the
open channel, coupling between these channels is pro-
vided by the exchange interaction. This difference in the
hyperfine states results in that the two channels have dif-
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ferent Zeeman shifts in the magnetic field, therefore the
energy difference between the bound state in closed chan-
nel and the two-atom scattering state in open channel is
adjustable by tuning the magnetic field. This leads to
the magnetically tuned Feshbach resonance.
Feshbach resonance has experimentally been observed
in BEC (optically trapped sodium atoms) in work [5].
Elastic and inelastic collisions of ultracold atoms and
molecules in a magnetic field are considered in [6]. In
works [5, 6] also the dependence of the scattering length
on the magnetic field is obtained. Work [7] considers con-
ditions for obtaining two-atom molecules in BEC of 87Rb
atoms in a harmonic trap and external time-dependent
magnetic field. Properties of Feshbach resonances arising
in collisions of ultracold atoms of 6Li, 7Li, and 23Na are
studied in [8]. For independent control of scattering pa-
rameters (of ultracold atoms), in particular, phase shift
and effective range of action, work [9] employs combi-
nation of electric and magnetic fields. Studies of Fesh-
bach resonances with large background scattering length
are performed in work [9]. The developed model is ap-
plied to 85Rb atoms having large background scattering
length and it is shown that there is a good agreement with
coupled-channel calculations and that the model can be
used for other atomic systems, such as 6Li and 133Cs,
which have large background scattering length [10]. Full
description of magnetically tuned Feshbach resonances is
given in works [2–4, 11] along with extensive literature
2on the question.
In resonant collisions of atoms, it is of great impor-
tance to obtain stable molecules. This problem is solved
experimentally in [12] where an ensemble of Feshbach
molecules of 87Rb2 in optical lattice is transferred co-
herently into the lower bound molecular state by means
of STIRAP (Stimulated Rapid Adiabatic Passage) tech-
nique [13]. Work [14] discusses the STIRAP transfer
(with two laser pulses) of resonantly colliding sodium
atoms from the magnetically tuned Feshbach-resonance
state into the lower molecular stable state.
In case where magnetically tunable resonances are ab-
sent, an alternative method for control of Feshbach res-
onance is the optical method [4] (optical Feshbach reso-
nance). From the point of view of study of Feshbach res-
onance, formation of a quasibound (molecular) state in
laser radiation field is of considerable interest. Photoas-
sociation under action of laser radiation theoretically was
studied in [15] for realization of transition from unbound
atoms into the bound molecular state. In work [16] was
shown that photoabsorption of ultracold atoms depends
on the sign and value of the scattering length in scatter-
ing of two atoms. The changes in fluorescence from 7Li
provides information on signs of the scattering length in
the triplet and singlet states. Control of Feshbach reso-
nances by means of quantum interference was proposed
in work [17]. Quasibound states in Feshbach resonance
formed under action of electromagnetic field are coupled
with other states, which also can, in general, decay into
other continuum. Optical tuning of the scattering length
in low-temperature atomic gases was considered in [18].
It is shown in that work that electromagnetic radiation
which is in resonance with the transition from the state of
colliding atoms to a vibrational level of excited electronic
state induced by Feshbach resonance modifies the scat-
tering length of atoms; this is illustrated for 7Li atoms.
Optical tuning of scattering length was studied in [19] for
BEC of 87Rb atoms. Control of power and detuning of
laser beam enabled to vary in wide range the scattering
length. Formation of ultracold molecules via photoasso-
ciation of laser-cooled atoms was studied in [20]. Study of
influence of electromagnetic radiation on the scattering
length and analytic consideration of two-color photoas-
sociation and control of cold atoms were made in works
[21].
In the theory of resonant collisions, in addition to Fes-
hbach method [1], which has been developed for studies
of nuclear reactions and is applied successfully for colli-
sion of atoms in BEC, an alternative Fano approach [22]
exists exploiting the configuration interaction in multi-
electron atoms. Both approaches assume appearance of
resonance phenomena when discrete states are coupled
with continuum. Fano technique is usually associated
with asymmetry of shapes of resonance lines which is
known in atomic physics as ”Fano profile”. Similar in-
terference phenomena of asymmetry of the resonance line
shape are also observed in nuclear reactions [23]. Fano
technique is, however, used not only in atomic physics
for, e.g., studies of autoionization and Rydberg states
[22], resonance ionization of atoms [24], and laser-induced
continuum structures (LICS) [25]. The Fano technique
is also used for consideration of resonant collisions [22]
including those of electrons with atoms with formation
of negative ions and interference phenomena in the field
of laser radiation [26]. Fano technique is widely used in
also other fields of physics. It is, e.g., used for explana-
tion of asymmetry in the absorption spectra of impurity
ions in crystals, which is caused by formation of excitonic
resonances [27]. With use of these resonances work [28]
studies the phenomenon of storage and reconstruction of
quantum information in solids. We note that many re-
searchers call the above-mentioned Feshbach resonances
Fano-Feshbach resonances.
In the present work we study collision of two atoms in
the external magnetic field and in the field of laser radi-
ation with formation of Feshbach resonance. In the Sec-
tion 2a we investigate the case of one-photon resonance
of laser radiation with two discrete vibrational states of
molecule in the presence of an additional channel of laser-
induced decay of the lower molecular state (Fig.1). For-
mation of Feshbach resonance is examined and expres-
sions for wave functions are obtained. In Section 2b we
study the case of two-photon resonance of laser radiation
with two discrete vibrational states of molecule (Fig.2)
where the additional channel of decay into the first con-
tinuum is absent. In Section 3a we obtain in case of
one-photon resonance cross-sections of elastic and inelas-
tic scattering of atoms with formation of Feshbach reso-
nance. In the special case of absence of inelastic channel
the corresponding formulas of elastic scattering are ob-
tained. In Section 3b we obtained in case of two-photon
resonance the cross-sections of elastic and inelastic scat-
tering and studied different cases of laser field intensity.
At sufficiently high intensities of resonant laser radiation
an asymmetry exists in dependence on the sign of two-
photon detuning (effect of self-induced adiabatic passage
of resonance) which is observed in the decay of system.
However, similar effects are not observed in case of res-
onant scattering because of adiabatically turned interac-
tion. We obtain also the scattering length depending on
the laser field strength in the presence of laser-induced
inelastic decay channel.
II. FORMATION OF FESHBACH
RESONANCES UNDER SIMULTANEOUS
INFLUENCE OF MAGNETIC FIELD AND
LASER RADIATION
A. Case of one-photon resonance
Let us consider elastic and inelastic collision of atoms
with formation of Feshbach resonances in an exter-
nal magnetic field which couples electronic states in
open and closed channels by an interaction U . This
coupling occurs because of Zeeman shifts of magnetic
3FIG. 1: Diagram of atom-atom collision in the external mag-
netic and laser fields in case of one-photon resonance with
molecular discrete states |1〉 and |2〉. For notations of differ-
ent interactions see text. Potential curves are not to scale.
sublevels[2, 3, 6, 8, 9]. Laser radiation provides cou-
pling, by resonant interaction (Ω), between the discrete
molecular states |1〉 and |2〉 , which are described by the
quasienergy wave functions. Laser radiation also couples
the lower stable molecular state with the continuum of
the elastic channel (interaction ΩE) and the upper stable
molecular state with the second continuum (of the inelas-
tic channel). All these interactions are shown schemat-
ically in Fig.1 together with the interatomic potential
curves plotted (not to scale) versus the distance between
the colliding atoms. We note that the lower state |1〉
can decay under laser influence both directly into con-
tinuum 1 of elastic channel and continuum 2 of inelastic
channel via the Autler-Townes effect. Hamiltonian of the
described processes under consideration here has the ap-
pearance
H = H1 +H2, (1a)
H1 = E1〈1 | 1〉+ E2〈2 | 2〉+Ω(t)〈2 | 1〉+Ω
∗(t)〈1 | 2〉, (1b)
H2 =
∫
E(| E〉11〈E | + | E〉22〈E |)dE +
∫
(ΩE(t) | E〉1〈1 | +Ω
∗
E(t) | 1〉1〈E | +Ω
′
E(t) | E〉2〈2 | +
+Ω′∗E(t) | 2〉2〈E | +UE | E〉1〈2 | +U
∗
E | 2〉1〈E |)dE, (1c)
where UE is the corresponding matrix element of inter-
action U .
As basis wave functions for the discrete spectrum with
Hamiltonian (1b) we choose the quasienergy wave func-
tions ϕ1(t) and ϕ2(t) which are formed in the field of laser
radiation nearly resonant to the transition between the
vibrational states of the molecule (Fig.1) with adiabatic
turning on the interaction Ω(t):
| ϕk(t)〉 = e
−i(λk+ω)t(αk | 1〉+βke
iωt | 2〉), k = 1, 2 (2)
where |1〉 , |2〉 and E1,2 are, respectively, the wave func-
tions and energies (including the Zeeman shifts) of un-
perturbed molecular states and the following notations
are introduced:
λk = E1 + µk + ω,
µ1,2 =
1
2
(ν ∓
√
ν2 + 4 | Ω |2),
ν = E2 − E1 − ω
α1,2 =
µ2,1
µ1,2 − µ2,1
(3)
β1,2 = ±
Ω
| Ω |
(
µ1,2
µ1,2 − µ2,1
)1/2
Solution to the Schrodinger equation with the Hamil-
tonian (1) we represent in the form
Φλ(t) = Σke
iλktak(λ) | ϕk(t) +
∫
dE[b
(1)
E (λ) | E〉1 + e
iω′tb
(2)
E (λ) | E + ω
′〉1]. (4)
Then we obtain for the expansion coefficients the follow-
ing system of equations:
(λ− λk)ak(λ) =
∑
α
∫
W
∗(α)
k (E)b
(α)
E (λ)dE (5a)
(λ− E)b
(α)
E (λ) =
∑
k
W
(α)
k (E)ak(λ), α = 1, 2 (5b)
where all the above listed interactions are incorporated
in
W
(α)
k (E) =
{
αkΩE + βkUE , α = 1
βkΩ
′
E+ω′ , α = 2
(6)
4From equation (5b) we have [22]
b
(α)
E (λ) =
[
P
E − λ
+ z(λ)δ(E − λ)
]∑
k
Wαk (E)ak(λ) (7)
Substitution of expression (7) into (4) yields the following
quasienergy wave function:
Ψλ(t) =
∑
k
eiλktak(λ)|ϕk(t)〉+
∫
dE
[
P
λ− E
+ z(λ)δ(λ−E)
]∑
k
[
W
(1)
k (E)|E〉1+ e
−iω′tW
(2)
k (E)|E+ω
′〉2
]
ak(λ) (8)
Substitution of the same expression into (5a) leads to
following system of algebraic equations:
∑
k′
[
λk′δk,k′ +∆k,k′
]
ak′(λ) +
+z(λ)
∑
k
W
(α)∗
k X
(α)(λ) = λak(λ) (9)
where
∆k,k′ (λ) =
∑
α
P
∫
W
(α)∗
k (E)W
(α)
k′ (E)
λ− E
(10)
X(α)(λ) =
∑
k
W
(α)
k (λ)ak(λ) (11)
After digitalization of matrix ‖λk′δk,k′ + δk,k′ (λ)‖ equa-
tions (9) are reduced to
(λ− λ˜µ)a˜λ(λ) = z(λ)
∑
α
W˜ (α)∗µ (λ)X
(α)(λ), (12)
where ”∼” means the unitary transformed quantities and
λ˜µ =
1
2
[
λ1 +∆11(λ) + λ2 +∆22(λ)±
√
((λ1 +∆11(λ) − λ2 −∆22(λ))2 + 4|∆12(λ)|2)
]
(13)
Expression (11) defines the eigenvector of Hermitian re-
action matrix [29]
K(α)(λ) = −2piW (α)(λ)
[
λI − Λ−∆(λ)
]−1
W+(α)(λ),
(14)
with
Λik = λiδik, (15)
corresponding to eigenvalue − 2pizj(λ) where zj has the form
(j = 1, 2)
zj(λ) =
1
2
C1 + C2 ±
√
(C1 − C2)2 + 4|C(1,2)|2
C1C2 − |C(1,2)|2
(16)
where
Ci(λ) =
∑
µ
|W˜
(1)
µ (λ)|2
λ− λ˜µ
, (i = 1, 2) (17a)
C(1,2)(λ) =
∑
µ
W˜
(1)∗
µ (λ)W
(2)
µ (λ)
λ− λ˜µ
(17b)
Functions X
(α)
j (λ) satisfy the condition
∑
α
X
(α)∗
j′ (λ)X
(α)
j (λ) =
δj′,j
pi2 + z2j (λ)
, α, j = 1, 2 (18)
This condition provides the orthonormalization condition
for quasienergy functions (8):
〈Φ
(i)
λ′ (t)|Φ
(j)
λ (t)〉 = δ(λ− λ
′)δj,j′ (19)
Here |X
(1,2)
j |
2 have the form:
|X
(1,2)
j |
2 =
1
pi2 + z2j (λ)
1− zj(λ)C2,1(λ)
2− zj(λ)(C1(λ) + C2(λ))
(20)
B. Case of two-photon resonance
In this Section we solve the same problem, but con-
sider the laser radiation to be in two-photon resonance
with the transition |1〉 → |2〉 between the stable molecu-
lar states. This means the same parity of the molecular
states and the laser radiation frequency nearly half that
of previous case. Two-photon resonance with a pair of
discrete vibrational molecular levels enables studying the
5FIG. 2: Diagram of atom-atom collision in the external mag-
netic and laser fields in case of two-photon resonance with
molecular discrete states |1〉 and |2〉 . For notations of differ-
ent interactions see text. Potential curves are not to scale.
dynamics of levels depending on the laser radiation in-
tensity. On the other hand, one-photon transition from
the upper state to the second continuum via interaction
Ω′E leads to laser-induced inelastic scattering with two
excited atoms in the final state flying away to infinity.
As distinct from previous Section, here the ground state
does not decay in the first (elastic) channel in the two-
photon resonant approximation, but only decays into the
second (inelastic) channel via the second discrete vibra-
tional state because of Autler-Townes effect. All these
peculiarities are shown schematically in Fig.2.
Laser radiation at frequency ω couples the stable state
|1〉 with a quasibound state |2〉 by two-photon resonance
via intermediate states |k〉 with Rabi frequencies Ω1,k
and Ωk,2. Laser radiation at frequency ω
′ couples the
quasibound state |2〉 to the second continuum (inelastic
channel, interaction Ω′E). Simultaneous action of exter-
nal magnetic field (interaction U) and laser radiation at
frequency ω couples the upper state with the first con-
tinuum (elastic channel, Fig.2).
Hamiltonian for the above-described system (Fig.2) is
represented in the form
H = H(1) +H(2), (21a)
H(1) = H
(1)
0 +
∑
k
[
Ω1k(t)|k〉〈1|+Ω
∗
1,k(t)|1〉〈k|+Ωk,2(t)|2〉〈k|+Ω
∗
k,2(t)|k〉〈2|
]
, (21b)
H(2) = H
(2)
0 +
∫
dE
[
Ω′E(t)|E〉2〈2|+Ω
′∗
E(t)|2〉2〈E|
]
+
∫
dE
[
UE |E〉1〈2|+ U
∗
E |2〉1〈E|
]
(21c)
Here Ωi(t) are interaction with laser field and
H0 = H
(1)
0 +H
(2)
0 (22)
whereH0 is the free Hamiltonian containing discreteH
(1)
0
and continuous H
(2)
0 spectra:
H
(1)
0 = E1|1〉〈1|+
∑
k
Ek|k〉〈k|+ E2|2〉〈2|,
H
(2)
0 =
∫
EdE(|E〉11〈E|+ |E〉22〈E|) (23)
As basis wave functions of the discrete spectrum we
choose the quasienergy functions of Hamiltonian (21b)
obtained in two-photon resonant approximation with adi-
abatic turning on the periodic perturbations Ω1,k(t) and
Ωk,2(t):
ϕk(t) = e
i(λk−2ω)t(α2|1〉+β2e
−2iωt|2〉), (k = 1, 2) (24)
where |i〉 , |Ei〉 (i = 1, 2) are, respectively, the wave
functions and energies of unperturbed levels, and other
notations are listed below:
α1,2 =
√
µ2,1
µ1,2 − µ2,1
β1,2 = ±
Ω¯
|Ω¯|
√
µ2,1
µ1,2 − µ2,1
λk = E1 + ζk + 2ω,
ζk = µk +W1, (k = 1, 2), (25)
ν = E2 − E1 − 2ω,
µ1,2 =
1
2
(
ν¯ ∓
√
ν¯2 + 4|Ω¯|2
)
,
ν¯ = ν − (W1 −W2)
6Quantities Wα(α = 1, 2) and |Ω¯| are, respectively, the
one-photon dynamic Stark shifts and the effective Rabi
frequency of two-photon interaction:
Wα =
∑
k
(
|Ωα,k|
2
Eα − Ek + ω
+
|Ωα,k|
2
Eα − Ek − ω
), α = 1, 2 (26)
Ω¯ =
∑
k
Ω∗1,kΩ
∗
k,2
E1 − Ek + ω
(27)
where summation is performed over intermediate states.
We represent the solution to the Schrodinger equation in
the form (24), where ϕk(t) (k=1,2) are the quasienergy
wave functions of two-photon resonant approximation.
In the manner similar to preceding Section we obtain
for coefficients of the expansion (4) the system of equa-
tions of the form (5a,b), where we have, instead of (6),
W
(α)
k (E) =
{
βkUE , α = 1
βkΩ
′
E+ω′ , α = 2
(28)
From equation (5b) we now have
b
(α)
E (λ) = zα(λ)δ(λ − E) +
P
λ− E
∑
k
W
(α)
k (E)ak(E).
(29)
For determination of the first quasienergy wave function
we choose
zα(E) = z(E)
∑
k
W
(α)
k (E)ak(E), (30)
then for b
(α)
E (λ) we have the expression (7)
By substituting the expression (7) into equations (5a)
we obtain
(λ−λk)ak(λ) = β
∗
k
[
z(λ)
(
|U(λ)|2+|Ω′λ+ω′ |
2
)
+∆(λ)
]
X(λ),
(31)
where
∆(λ) = P
∫
|Uλ|
2 + |Ω′λ+ω′ |
2
λ− E
dE, (32)
X(λ) =
∑
k
βkak(λ). (33)
After finding ak(λ) from (31), multiplying by βk and tak-
ing sum over k, we obtain for X(λ) a homogenous alge-
braic equation:{
1−
[
z(λ)
(
|Uλ|
2+|Ω′λ+ω′ |
2
)
+∆(λ)
]∑
k
|βk|
2
λ− λk
}
X(λ) = 0.
(34)
Requiring existence of non-trivial solution to (34) gives
for z(λ) the following expression:
z(λ) =
2pi
Γ(λ)
[
1∑
k
|βk|2
λ−λk
−∆(λ)
]
, (35)
where Γ(λ) is the full width of the resonance:
Γ(λ) = 2pi
(
|Uλ|
2 + |Ω′λ+ω′ |
2
)
. (36)
After substituting βk (k=1,2) from (25) expression (35)
for z(λ) may be represented in the form
z(λ) =
2pi
Γ(λ)
[
(λ− λ1)(λ− λ2)
λ− λ2 + µ2
−∆(λ)
]
. (37)
From the condition of orthonormalization of the first
quasienergy wave function Φ
(1)
λ (t) (4):
〈Φ
(1)
λ′ (t)|Φ
(1)
λ (t)〉 = δ(λ
′ − λ), (38)
we obtain for X(λ)
X(λ) =
√
2pi
Γ(λ)[z2(λ) + pi2]
. (39)
Finally, the first wave function appears to be
Φ
(1)
λ (t) =
√
2pi
Γ(λ)[z2(λ) + pi2]
{[
z(λ)
Γ(λ)
2pi
+∆(λ)
]
∑
k
eiλkt
β∗k
λ− λk
|ϕk(t)〉+
∫ [
z(λ)δ(λ − E) +
P
λ− E
]
[
UE |E〉1 + e
−iω′tΩ′E+ω′ |E + ω
′〉2
]
dE
}
.(40)
For determination of the second quasienergy wave
function which should be orthogonal to the first one in
(40) we require the following condition to be met [22, 29]:∑
α
zα(λ)W
(α)∗
k (λ) = 0; (41)
it follows that aj(λ) = 0 j = 1, 2. From relationship (41)
with allowance for (28) we have
z2(λ) = −
U∗λ
Ω′∗λ+ω′
z1(λ); (42)
then
b
(1)
E (λ) = z1(λ)δ(λ − E), (43a)
b
(2)
E (λ) = −
U∗λ
Ω′∗λ+ω′
z1(λ)δ(λ − E). (43b)
Now by using (43a,b) in expression (4) for the second
quasienergy wave function and the orthonormalisation
condition
〈Φ
(2)
λ′ (t)|Φ
(2)
λ (t)〉 = δ(λ
′ − λ) (44)
we obtain
Φ
(2)
λ (t) =
√
2pi
Γ(λ)
[
Ω′∗λ+ω′ |λ〉1 + e
−iω′tUλ|λ+ω
′〉2
]
. (45)
It is easy to check directly that the functions Φ
(1)
λ (t) and
Φ
(2)
λ (t) are orthogonal.
7III. CROSS-SECTIONS OF ELASTIC AND
INELASTIC SCATTERING; SCATTERING
LENGTH
A. Case of one-photon resonance
Asymptotic (r → ∞) expressions for continuous-
spectrum wave functions with orbital angular momentum
l are known to have the following appearance:
|E〉
(l)
1 ∝
1
k1r1
sin
(
k1r1 + δl −
1
2
pil
)
Pl(cosΘ1), (46a)
|E + ω′〉
(l)
1 ∝
1
k2r2
sin
(
k2r2 + δl −
1
2
pil
)
Pl(cos (Θ2)) (46b)
with Pl(cosΘ) being the Legendre polynomials.
Taking into account that the wave functions of the
bound states of atoms vanish asymptotically (|ϕk(t)〉 = 0
at r →∞) we can write the functions (8) after inserting
(46a,b) as follows:
Φ
(l)
λ,j(t) ∝ −
pi
k1(λ)r1
X
(l)
j,1
1
sin η
(j)
l (λ)
sin
[
k(λ)r1 + δl + η
(j)
l (λ)−
lpi
2
]
Pl(cosΘ1)−
−
pi
k2(λ+ ω′)r2
X
(l)
j,2
e−iω
′t
sin η
(j)
l (λ)
sin
[
k(λ+ ω′)r2 + δl + η
(j)
l (λ) −
lpi
2
]
Pl(cosΘ2), (47)
where δl is the phase of potential (non-resonant) scatter-
ing and η
(j)
l (λ) is the phase caused by resonant (Feshbach
resonance) scattering; subscript j(j=1, 2) corresponds to
two values of the function z
(j)
l (λ) in (16):
tan η
(j)
l (λ) = −
1
z¯
(j)
l (λ)
, z¯
(j)
l (λ) =
z
(j)
l (λ)
pi
. (48)
We now represent the scattering state vector at r → ∞
as a superposition of quasienergy functions (47)
Φλ(t, 1→ 1, 2) = −
∑
j
∑
l
B
(l)
j (λ)(2l + 1)i
lei(δl+η
(j)
l
(λ))
{
X lj1(λ)
k1(λ)r1
sin
[
k1(λ)r1 + δl + η
(j)
l (λ) −
lpi
2
]
Pl cos (Θ1) +
+
X
(l)
j,2
k2(λ+ ω′)r2
e−iω
′t sin
[
k2(λ+ ω
′)r2 + δl + η
(j)
l (λ) −
lpi
2
]
Pl cos (Θ2)
}
.(49)
Then, if we require the presence of incoming and outgoing
waves in the first, elastic, channel and the absence of
incoming wave in the second, inelastic, channel, we can
write for the expansion coefficients in (49) B
(l)
j (λ) the
following relationship:
B
(j)
1 (λ) =
X
(l)
2,2
det[X
(l)
i,j (λ)]
, (50a)
B
(j)
2 (λ) =
X
(l)
1,2
det[X
(l)
i,j (λ)]
. (50b)
8Expressions for elastic and inelastic cross-sections have
the forms:
σel =
pi
k2
∑
l
(2l + 1)|1− Sl(λ)|
2, (51a)
σinel =
pi
k2
∑
l
(2l + 1)(1− |Sl(λ)|
2). (51b)
Here Sl(λ) is the diagonal element of the S-matrix,
Sl(λ) = A
(l)
1 (λ)S
(1)
l (λ) +A
(l)
2 (λ)S
(2)
l (λ), (52)
where
S
(j)
l (λ) = e
2i(δl+η
(j)
l
(λ)), (j = 1, 2), (53)
and factors A
(l)
j (λ) (j = 1, 2, 3) are defined as
A
(l)
1,2(λ) =
z
(1,2)
l (λ)
z
(1)
l (λ)− z
(2)
l (λ)
(1 − z
(2,1)
l (λ)C1,2(λ)),(54a)
A
(l)
3 (λ) =
1
z
(1)
l (λ) − z
(2)
l (λ)
×
(1 − z
(1)
l (λ)C1(λ))(1 − z
(2)
l (λ)C2(λ))
C∗(1,2)(λ)
.(54b)
Let us separate in (51a,b) the resonant state with orbital
angular momentum L and write the potential part of
scattering cross-section in the form
σpot =
4pi
k2
∑
l 6=L
(2l + 1) sin2 δl. (55)
The total cross-section of elastic scattering we write as
σ
(L)
tot = σpot + σ
(L)el
res , (56)
where the resonance term is defined by the expression
σ
(L)el
res
σ
(L)
nonres
= |A
(L)
1 (λ)|
2F1(λ) + |A
(L)
2 (λ)|
2F2(λ) + 2|A
(L)
3 (λ)|
2F3(λ). (57)
Cross-section with orbital angular momentum L in the
absence of the resonance state [30] is denoted σLnonres
and equals
σ(L)nonres =
4pi
k2
(2L+ 1) sin2 δL. (58)
The quantities Fi(λ) (i=1,2,3) entering (57) are defined
as
Fj(λ) =
(χL + z¯
(j)
L (λ))
2
1 + z¯
(j)
L (λ)
2
(j = 1, 2), (59a)
F3(λ) =
χ2L(1 + z¯
(1)
L (λ)z¯
(2)
L (λ))(χL + z¯
(1)
L (λ))(χL + z¯
(2)
L (λ))
(1 + z¯
(1)
L (λ))(1 + z¯
(2)
L (λ))
, (59b)
where
χL = − cot δL. (60)
With use of expression (51b) we obtain for cross-section
of inelastic resonant scattering with orbital angular mo-
mentum L:
σ
(L)
inel =
4pi
k2
(2L+1)|A3(λ)|
2 sin2 (η
(2)
L (λ)− η
(1)
L (λ)). (61)
We note that the obtained expressions for the cross-
sections contain two scattering phases η
(1)
L (λ) and
9η
(2)
L (λ), which are connected by the relationship
tan η
(1)
L (λ) + tan η
(2)
L (λ) = −
∑
µ
Γ˜(L)µ (λ)
2
λ− λ˜µ
, (62)
where
Γ˜(α,L)µ (λ) = 2pi|W˜
(α,L)
µ (λ)|
2,
Γ˜(L)µ (λ) =
∑
α
Γ˜(α,L)µ (λ), α, µ = 1, 2. (63)
Introducing a reduced value for quatities z¯
(L)
j (λ):
ZL(λ) =
z¯
(1)
L (λ)z¯
(2)
L (λ)
z¯
(1)
L (λ) + z¯
(2)
L (λ)
, (64)
expression (62) may be rewritten as
ZL(λ) =
[∑
µ
Γ˜(L)µ (λ)
2
λ− λ˜µ
]−1
. (65)
If there is no inelastic channel (Ω′E → 0) we pass to the
case of purely elastic scattering. In this case we have
z¯
(1)
L (λ)→∞, z¯
(2)
L (λ)→ z¯L(λ), A
(L)
1 (λ)→ 0, A
(L)
2 (λ)→
1, A
(L)
3 (λ)→ 0. Here z¯L(λ) has the form (65), where
Γ˜(L)µ (λ) = 2pi|W˜µ(λ)|
2,
W˜µ(λ) = α˜µ(λ)ΩE + β˜µ(λ)UE . (66)
Expression (57) for cross-section of elastic scattering
in the absence of inelastic channel may be represented in
the form [30]
σ
(L)el
res
σ
(L)
nonres
=
(χL + z¯L(λ))
2
1 + z2L(λ)
. (67)
Cross-section of elastic resonant scattering in the absence
of inelastic channel and in the presence of external mag-
netic field and laser radiation can be represented as
σ(L)elres = 4pi
2L+ 1
k2(λ)
∣∣∣∣
Γ˜1
2 (λ− λ˜2) +
Γ˜2
2 (λ− λ˜1)
(λ− λ˜1)(λ − λ˜2) + i
Γ˜1
2 (λ− λ˜2) + i
Γ˜2
2 (λ− λ˜1)
∣∣∣∣
2
. (68)
Here k(λ) =
√
mλ
~2
with m being the mass of an atom.
Depicted in Fig.3 are the cross-sections of resonant
scattering in case of one-photon resonance between the
laser radiation and the two molecular discrete states, at
different values of χL. Figures 3(a,b) plot the cross-
sections of elastic scattering in, respectively, absence and
presence of inelastic channel, and Fig.3(c) the cross-
section of inelastic scattering. As seen in the obtained
plots, in elastic scattering (Fig.3a,b) the resonance is
sharper at higher values of parameter χL. With the de-
crease in this parameter the resonance becomes flatter
and at χL = 0 we observe an antiresonance, because of
interference between potential and resonant scattering.
For determination of the scattering length we introduce
a complex η¯L(λ) from the relation (52):
SL(λ) = e
2iη¯L(λ). (69)
This phase equals, according to (52)
η¯L(λ) = δL +
1
2i
ln
∑
j
A
(L)
j (λ)e
2iη
(j)
L
(λ). (70)
From expression (48) we have
e2iη
(L)
j
(λ) =
z¯
(j)
L (λ) − i
z¯
(j)
L (λ) + i
(71)
and (70) takes the form:
η¯L(λ) = δL +
1
2i
ln
∑
j
A
(L)
j (λ)
z¯
(j)
L (λ)− i
z¯
(j)
L (λ) + i
. (72)
Let us define the ”effective” scattering length as
a
(L)
eff (k) = −
η¯L(k)
k
; (73)
substitution of (72) into (73) provides
a
(L)
eff (k) = a
(L)
0 (k) + a
(L)res
eff (k), (74)
where a
(L)
0 (k) = −
δL(k)
k is the background length caused
by the nonresonant scattering; in this case the quantity
a
(L)res
eff (k) = −
1
2i
1
k
ln
∑
j
A
(L)
l (k)
z¯
(j)
L (k)− i
z¯
(j)
L (k) + i
(75)
is complex.
In case of cold atoms (k → 0) and zero orbital an-
gular momentum (S-wave) we can define the ”reduced”
width γ˜i (Γ˜i = 2γ˜ik) for laser-induced decays. For the
scattering length at k → 0 we obtain
a = a0 + ares (76)
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FIG. 3: Plots of cross-sections of atom-atom collision in ex-
ternal magnetic and laser fields in the case of one photon
resonance between the laser radiation and two molecular dis-
crete states, versus the scaled energy x = 2(λ − λ¯1)/Γ˜
(1)
1 for
the values Γ˜
(1)
2 = 0.2, Γ˜
(2)
1 = 0.4, Γ˜
(2)
2 = 0.8, Ω = 1, ν = 0 (all
quantities are in units of Γ˜
(1)
1 /2): (a) and (b) cross-sections
of elastic scattering in, respectively, the absence and presence
of inelastic channel. The insets show the values of χL; (c)
cross-section of inelastic scattering.
where a0 is the background value and ares is the resonant
part of the scattering length
ares = −(
γ˜
(L)
1
λ˜1
+
γ˜
(L)
2
λ˜2
), (77)
where λ˜1 and λ˜2 are defined in (13). The scattering
length (77) coincides with the expression for the case of
elastic scattering in absence of inelastic channel. Expres-
sion (77) shows that the scattering length depends on
the laser radiation filed strength and on the magnetic
field induction
B. Case of two-photons resonance
Asymptotic expression of the continuous-spectrum
wave function with orbital angular momentum l have the
form (46a,b). Taking |ϕk〉 = 0 (r →∞) we obtain:
Φ
(1)
λ,l(t) ∝
√
2pi
Γl(λ)
{
Uλ
k(λ)r1
sin
[
k(λ)r1 + δl + ηl(λ) −
pil
2
]
Pl(cosΘ1) +
e−iω
′t Ω
′
λ+ω′
k(λ+ ω′)r2
sin
[
k(λ+ ω′)r2 + δl + ηl(λ) −
pil
2
]
Pl(cosΘ2)
}
, (78a)
Φ
(2)
λ,l(t) ∝
√
2pi
Γl(λ)
{
Ω′∗λ+ω′
k(λ)r1
sin
[
k(λ)r1 + δl −
pil
2
]
Pl(cosΘ1)−
e−iω
′t U
∗
λ
k(λ+ ω′)r2
sin
[
k(λ+ ω′)r2 + δl −
pil
2
]
Pl(cosΘ2)
}
, (78b)
where δl is the phase of potential (non-resonant) scatter-
ing and ηl(λ) is the phase caused by resonant scattering
(Feshbach resonance) (48).
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The scattering state vector we represent again as su-
perposition of wave functions (78a,b) at r → 0:
Φλ(1→ 1, 2) =
∑
l
[B
(1)
l (λ)(2l + 1)i
le2i(δl+ηl(λ))Φ
(l)
λ,l(t)
+B
(2)
l (λ)(2l + 1)i
le2i(δl+ηl(λ))Φ
(2)
λ,l(t)]
(79)
We require again the presence of incoming and out-
going waves in the first (elastic) channel and absence of
the incoming wave in the second (inelastic) channel and
obtain:
B
(1)
l (λ) = U
∗
λ
√
2pi
Γl(λ)
, B
(2)
l (λ) = Ω
′
λ+ω′
√
2pi
Γl(λ)
, (80)
where Γl(λ) is the full width of the resonance with orbital
angular momentum l.
Finally the scattering state vector has the following
appearance:
Φλ(1→ 1, 2) =
∑
l
(2l+ 1)il
{
1
k(λ)r1
[
sin
(
k(λ)r1 −
pil
2
)
−
−
1
2i
(
1−
[
Γ
(2)
l (λ)
Γl(λ)
+ +
Γ
(1)
l (λ)
Γl(λ)
e2iηl(λ)
]
e2iδl
)
ei(k(λ)r1−
pil
2 )
]}
Pl(cosΘ1)−
−eiω
′t 1
k(λ+ ω′)r2
pi
2i
U∗λΩ
′
λ+ω′
Γl(λ)
2
[
1− e2iηl(λ)
]
ei(k(λ+ω
′)r2−
pil
2 )e2iδlPl(cosΘ2)
}
, (81)
where Γl(λ) is the full partial width:
Γl(λ) = Γ
(1)
l (λ) + Γ
(2)
l (λ), (82a)
Γ
(1)
l (λ) = 2pi|Ul(λ)|
2, Γ
(2)
l (λ) = 2pi|Ω
′
λ+ω′ |
2. (82b)
Cross-sections of elastic and inelastic scattering are given
in the forms in (51a,b) where
Sl(λ) =
[
1−
Γ
(1)
l (λ)
Γl(λ)
(
1− e2iηl(λ)
)]
e2iδl . (83)
The total cross-section of elastic scattering we represent
in the forms (55,56). Separate, as above the resonance
with orbital angular momentum L, the cross-section of
elastic resonant scattering is obtained:
σ(L)elres = σ
(L)el
nonres
∣∣∣∣1 + ei(δL+η¯L(λ)) sin (η¯L(λ))sin δL(λ)
∣∣∣∣
2
. (84)
Here we introduce the complex phase η¯L(λ)
SL(λ) = e
2i(δL+η¯L) (85)
and σ
(L)el
nonres is cross-section with orbital moment L in ab-
sence of resonance state (58) [30]. With use of expression
(48) the cross section (84) may be displayed as
σ(L)elres = σ
(L)el
nonres
∣∣∣∣1 + (χL − 1)Γ
(1)
L (λ)
ΓL()λ
1
z¯L(λ) + i
∣∣∣∣
2
, (86)
where χL is defined in (60)
Neglecting non-resonant terms we obtain for cross-
sections:
σ(L)elres =
2pi
k2
(2L+ 1)
(Γ
(1)
L (λ))
2(λ− E1 −W1 − 2ω)
2
|(λ− λ¯−)(λ − λ¯+)|2
, (87a)
σ(L)inelres =
2pi
k2
(2L+ 1)
Γ
(1)
L (λ)Γ
(2)
L (λ)(λ − E1 −W1 − 2ω)
2
|(λ− λ¯−)(λ− λ¯+)|2
. (87b)
It follows from expressions for cross-sections of reso-
nant scattering (87a,b) that quenching of the resonance
occurs at the energy λ = E1+W1+2ω, that is at the en-
ergy of the lower stable level including its Stark shift plus
the energy of two photons. Here ν¯ and Ω¯ are determined
by formulas (25-27).
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FIG. 4: Plots of cross-sections of atom-atom collision in ex-
ternal magnetic and laser fields in the case of two-photon
resonance between the laser radiation and two molecular dis-
crete states, versus energy λ, for the values E1 +W1 + 2ω =
5, ν¯ + ∆ = 0,ΓL = 1.5, Ω¯ = 1 (all quantities are in units of
Γ
(1)
L
). (a) elastic scattering, (b) inelastic scattering
Cross-sections (87a,b) may also be represented as
σ(L)elres =
2pi
k2
(2L+ 1)
(Γ
(1)
L )
2
|R+ −R−|2
∣∣∣∣ R+λ− λ¯+ −
R−
λ− λ¯−
∣∣∣∣
2
,(88a)
σ(L)inelres =
2pi
k2
(2L+ 1)
Γ
(1)
L Γ
(2)
L
|R+ −R−|2
∣∣∣∣ R+λ− λ¯+ −
R−
λ− λ¯−
∣∣∣∣
2
,(88b)
where
λ¯∓ = E1 +W1 + 2ω +R∓, (89a)
R∓ =
1
2
[ν¯ +∆− i
ΓL
2
∓
∓
√
(ν¯ +∆− i
ΓL
2
)2 + 4|Ω¯|2]. (89b)
Figure 4 demonstrates the cross-sections of elastic (a)
and inelastic (b) resonance scattering in case of two-
photon resonance between the laser radiation and two
molecular discrete states. Appearance of two peaks in
cross-sections (88a,b) of resonant scattering is caused by
the Autler-Towns effect.
In order to determine the scattering length, we use
expression (85) to obtain
η¯resL (λ) =
1
2i
ln
[
1−
Γ
(1)
L (λ)
ΓL(λ)
(1− e2iηL(λ))
]1/2
. (90)
As in preceding sections, we define the effective scattering
length (74).
In case of cold atoms and S-wave scattering it is again
possible to define the reduced width γi (Γi = 2γik) which
is independent of k. For the scattering length we obtain
(76), and
ares = −
1
2i
lim
k→0
{
1
k
ln
[
1− 2i
Γ
(1)
0 (k)
Γ0(k)
1
z¯0(k) + i
]}
. (91)
Finally, the resonant scattering length appears as
ares = −
λ2 − µ2
λ1λ2
γ
(1)
0 , (92)
where λ1,λ2 and µ2 are defined in (25).
We considered formation of Feshbach resonances with
allowance for laser-induced inelastic collision at two-
photon resonance between the lower vibrational molec-
ular state in the open channel and higher-lying molecu-
lar vibrational state in the closed channel. In this case
laser-induced decay does not occur and Feshbach reso-
nances arise under influence of external magnetic field
because of formation of dressed states via two-photon-
resonant Autler-Townes mechanism. In this case it fol-
lows from the obtained expressions for cross-sections of
elastic and inelastic scattering that full quenching of res-
onances takes place at the energy equal to that of the
initial state, i.e., λ = E1 +W1 + 2ω (energy of the lower
stable state E1 including the Stark shift W1 and the en-
ergy of two photons). Such phenomenon is observed in,
e.g., nuclear reactions and in resonant effects in elastic
media.
At sufficiently high intensities of resonant laser radi-
ation an asymmetry exists in dependence on the sign
of two-photon detuning (effect of self-induced adiabatic
passage of resonance) which is observed in the decay
of system. However, similar effects are not observed
in case of resonant scattering because of adiabatically
turned interaction. It follows from the obtained expres-
sion (88a,b) that the real parts of quasienergies are cross-
ing (Reλ− = Reλ+) when
Re
[(
ν¯ +∆− i
ΓL
2
)2
+4|Ω¯|2
]
= 0 (93)
For meeting this condition it is necessary that ν¯+△ = 0
and 2|Ω¯| ≤ ΓL2 , while under condition 2|Ω¯| >
ΓL
2 anti-
crossing takes place. Hence, in the point 2|Ω¯| = ΓL2 the
interaction pattern does change essentially. At 2|Ω¯| = ΓL2
and ν¯ + ∆ = 0 the poles of the resonance coincide
(λ− = λ+) and we have a double-pole resonance. For
revealing the double-peak in cross-sections of resonant
scattering the condition
|Reλ− −Reλ+| > |Imλ±| (94)
should be met. It then follows that at ν¯+∆ = 0 splitting
effects are possible if the condition 2|Ω¯| > ΓL2 is met. Un-
der condition 2|Ω¯| ≪ ΓL2 we obtain from the expressions
for cross-sections the well-known expressions for resonant
scattering with an isolated level.
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IV. CONCLUSION
We considered collision of two atoms with formation
of Feshbach resonance in the field of laser radiation. The
interaction UE (notation in the Fig.1 and Fig.2) between
electronic states means such an interaction with the ex-
ternal magnetic field where the bound state in the closed
channel and the states of colliding atoms in the open
channel are different hyperfine states. In the absence
of this interaction, the quantity UE describes the weak
interaction between the nuclear and electronic motions.
Taking into account these terms lead, by employing the
theory of perturbation, to arising of transitions between
different electronic states.
In this work, we examined the cases where laser ra-
diation couples the lower molecular vibrational state in
the open channel with higher-lying molecular state in
the closed channel, by one-photon resonance interaction,
and with atomic states in continuum, by interaction ΩE .
Resonant laser radiation forms, via Autler-Townes effect,
dressed states which produce, by interaction with the
magnetic field, the Feshbach resonance. The interaction
ΩE which couples low-lying vibrational state with atomic
continuum produces, via Autler-Townes effect and LICS,
the laser-induced Feshbach resonances. Thus, we showed
that combined effect of formation of Feshbach resonances
takes place under action of both magnetic field and laser
radiation. This enables control of Feshbach resonances
by tuning both the magnetic field strength and the laser
radiation frequency and power. In addition, the widths
of resonances also depend on the magnetic field and laser
intensity. The latter broadens the Feshbach resonance
facilitating considerably the experimental observation of
asymmetry in the total scattering cross-section arising
from interference between the resonance and potential
scattering. As seen in the obtained plots for elastic scat-
tering (Fig.3a,b), the resonance is sharper at higher val-
ues of the parameter χL. With the decrease in this pa-
rameter the resonance becomes flatter and at χL = 0 we
observe an antiresonance, because of the interference be-
tween potential and resonant scattering. We also studied
the influence of laser-induced inelastic decay channel on
the considered phenomena. We considered arising of Fes-
hbach resonance with taking into account laser-induced
inelastic collision in the case of two-photon resonance be-
tween the lower vibrational molecular state in open chan-
nel and higher-lying vibrational molecular state in closed
channel. In this case, we obtained that the laser-induced
decay of the lower vibrational state into continuum is
absent and the Feshbach resonances are formed under
action of the external magnetic field at formation of two-
photon-resonance-dressed states via Autler - Townes ef-
fect. In this case, as follows from the expressions for
cross-sections of elastic and inelastic scattering that we
obtained in this work, complete quenching of resonances
occurs at the energy equal to that of the initial state of
considered system, i.e., λ = E1 +W1 + 2ω (energy E1
of the stable lower state with its Stark shift W1 plus
the energy 2ω of two photons). Such phenomenon is
observed in, e.g., nuclear reactions and in resonant ef-
fects in elastic media. By analyzing the expressions for
quasienergies and poles of resonances, we showed exis-
tence of some asymmetry in the dependence on the mag-
netic field value and the laser field strength. We ob-
tained that under condition ν + ∆ = 0 crossing of real
parts of quasienergies takes place if 2|Ω| ≤ ΓL/2 and
anticrossing if 2|Ω| > ΓL/2. Hence, the interaction pat-
tern does change essentially in the point 2|Ω| = ΓL/2.
In this case the poles of resonance coincide, λ− = λ+,
and a double-pole resonance occurs. In order to observe
the double peak in the cross-section of resonant scatter-
ing at ν + ∆ = 0, the condition 2|Ω| > ΓL/2 should
be met. Under condition 2|Ω| ≪ ΓL/2 we arrive at the
well-known expressions for elastic and inelastic scatter-
ing on an isolated level. It should be noted that the res-
onant peak dominates in the scattering cross-section at
the resonance energy, which enables determination of the
quantum number of angular momentum in the resonance
state. In all considered cases, we obtained expressions
for the scattering length depending on the magnetic field
value and laser radiation intensity. The results obtained
in this work may be employed for novel studies of colli-
sions of cold atoms, in particular, of alkali metal atoms,
such as 85,87Rb,6,7Li, 133Cs, and so on, and performing
new experiments in BECs.
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